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Skin depth § and wave number of various electromagnetic waves in plasma in which collisions occur have been
analyzed without and with the magnetic field: right (R)- and left (L)- hand cirenlarly polarized, ordinary (O)
and extraordinary (X) waves. For most evanescent waves, § is expressed as Jejwpe for wpe > w, v (f: collision
term, v : collision [requency, ¢ : velocity of light, wy. : electron plasma angular frequency). For L and X waves
under limited conditions, § is ¢/wp. multiplied by (wee /w)?® and wee/wpe, respectively (wee: electron cyclotron
angular frequency). In the low v range with w = wpe, § becomes large [or light, O, R and X waves (w > wee)-
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The understanding of the penctration length, ie. a
skin depth, of the clectromagnetic ficld in a plasma is
very important, since this length is related to the heating
layer and heating mechanism. The collisionless (classi-
cal) skin depth is known as c/w,. without static mag-
nctic ficld for the case of w K w,, (¢ velocity of light,
wpe: clectron plasma angular frequency, w: excited angu-
lar frequency). This length is also related to intercsting
phenomena such as the anomalous skin effect, which is
considered to arise duc to thermal clectron motion and
some instabilities, e.g., ion acoustic instability?), and the
nonlinecar skin effect® due to a large-amplitudce clectro-
magnctic wave. In addition, effective RF heating in ca-
pacitively coupled plasma (CCP), which is related to a
heating phenomenon in the RF shecath region®”, and in
inductively coupled plasma (ICP)%™ even under low col-
lisionality, and turbulent heating in tokamaks® as well as
heating by magnetic surface waves®) require clarification
of the heating mechanism associated with the skin layer.
However, basic studies, as well as experiments, on the
evaluation of this skin layer in the presence of a static
magnetic ficld with a collision effect in the linear wave
regime arce incomplete and have rarely been reported'®
in spite of the importance of a comparative study be-
tween experiment and theory.

Iere, we derive analytic formulae of the skin depth
and real wave number &, of the clectromagnetic evanes-
cent waves in the plasma from a cold dispersion rela-
tion, taking collision into account. A collisional damping
length Ly and real wave number k, are also presented
for propagating waves. These formulac have been ob-
tained for cases without (light wave) and with the static
straight magnetic ficld: parallel (right-hand (R) and left-
hand (L) circularly polarized waves) and perpendicular
(ordinary (O) and extraordinary (X) waves) wave prop-
agation. In addition, numerical results of skin depth for
those types of cvanescent waves have been shown. Note
that the expressions derived hold as long as the electron
thermal motion is small (¢/w,e > vie/w (Ve clectron
thermal velocity)) and / or collision frequency v is high
(v > w), which is satisfied under most CCP and ICP
experimental conditions, for the casc of the lincar wave
regime without instabilitics.
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Iereafter, we usce the cold plasma dispersion rela-
tion'"'? assuming m; (mass of ion) >» m, (mass of
clectron) and a two-component plasma of electrons and
ions (single species). In the absence of magnetic field,
the dispersion relation of an clectromagnetic wave (light
wave) with a collision is written as,
kije? w?

— 1o (1

w? w2 (1 + i)’

where ky is a parallel wave number. In general, m, in wy,
and w,, (clectron cyclotron angular frequency) may be
replaced by (1 + iv/w)m, in the presence of an electron
collision'. Exact solutions of k, (upper sigh) and &;
(lower sign), which are rcal and imaginary parts of ky,

respectively, from eq. (1) arc'™
P w 2 22
ki = —~———2€2(w2 e {Fw(w’ +v° —w},)
W+ v = wh ) w? w0 (2)

When w,. 3> w (nonpropagating region) and w,. > v
arc satisfied, the approximate expressions of skin depth
§ = 1/k; and real parallel wave number &, from eq. (2),
using a normalized collision frequency v* = v/w, become

§ = (c/wye)f(v), ko = (wpe/c)g(v*),
o 2(L +wvr?) qos
ft)= [ITTFT‘T‘] *

*

*\ __ 14 3

g(v )”‘ 201 + )1+ (1+ V*z)o.s]}o.s' (3)

From these formulac, skin depth 6 is different from col-
lisionless skin depth 64 = c¢/w,. (for w,. > w) by a
factor of f(v~), which is ncarly unity at small v and
becomes large at large v* (approximate form of f(v*) is
(2v7)*®*). The real wave number k, is 1/8, multiplied
by g(v*), which increases with v*. The ratio of 1/k,
to 8, i.c., ki/k,, is 1/f(v")g(v*) = [1+ (1 + v)*®*]/v~.
These dependences of f(v~), g(v*) and 1/f(v*)g(v*) on
v* arc shown in Fig. 1. Note that w approaches w,,
(Aw = w,, —w > 0), § increases and 6 and k, are scaled

6 = (c/wn)[2(1 + v7?) /K",
b= (e /{0 /1201 + v72)] ¥} /RO,

respectively, where
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Fig. 1. Dependences of f(v*), g(v™) and 1/f(v*)g(v™) on the
normalized collision {requency v* = v/w for the light and ordi-
nary {O) waves with wpe 3> w,v. Here, skin depth and real wave
number can be written as § = &, f(v™) and kr = (1/6.)g(v™),
respectively, and the ratio of 1/k, to §is 1/ f(v*)g(v™*) (6.1 clas-
sical collisionless skin depth of ¢/wpe).
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Fig. 2. Relationship between enhancement factor fhum of the
skin depth and normalized collision requency v* for various val-
ues of wpe/w for light and ordinary (O) waves.

h=[2(1+v?)Aw/w,, — v
+ {21+ ") Aw/fwpe — v 0700 (4)

Further approximate forms of ¢ and k., are § =
(c/wpe){(Wpe/2Aw)°*® and k., = 0 for v = 0, and
6 = (c/wpe){2(1 + v2) v [—v" + (1 4+ v*?)°°]}"° and
k, = (wpe/c){l/'/Z(l + I/*2)[_I/x + (1 + V*z)o.s]o.s}o:,
for Aw/w,. = 0. For Aw/w,, € v*? « 1, § and
k. can be simplified as § = (c/wy.)(2/v")?° and k, =
(wpe/c)(2v7)%%. When a wave propagates with w > wy,,
wave number k, becomes w/c and there is a long length
of a collisional damping: Ly = 1/k = (2cw/w? )[(1 +
U*'Z)/V*].

Figure 2 shows the numerical result using eq. (2) for
the relation between enhancement factor f,,., namecly,
8§ = (¢/wpe) faum, and normalized collision frequency v~
for various valucs of w,./w. As will be mentioned later,
this result for this light wave can also be applied to the
ordinary (O) wave. From this figure, it is clear that
frum becomes large when w is close to wy,, from the lower
frequency side with a small v* value which has been ana-
lytically derived as (2/v7)%® and cxhibits a propagating
wave (wp,/w < 1) character. For high wj,,/w with a mod-
erate v value, foum becomes nearly the same as f(v*) in
Fig. 1.

Next, wave propagation along the static uniform mag-
netic field is considered. The dispersion relations of the
R (upper sign) and L (lower sign) waves without a colli-
sion arc
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Fig. 3. Relationship between enhancement factor fhoum ol the
skin depth and normalized collision frequency v* for various val-
ues of wpe/w and wee/w for right-hand circularly polarized (R)
wave.

kﬁcz _ (wFwr)wEw)

; (5)
w? (w =+ we)(w F wee)
respectively, where we; is an ion cyclotron angular fre-
quency, and wg (upper sign) and wy, (Jlower sign) are
written as
Wee Wee \ 2 ) 0.5
wry =% 5+ [(7) twy, +wcew,;i} . (6)
respectively. When w,. > w,, is satisfied, wg and wy, are
close to w,.. From cq. (5), using w > we;, the dispersion
relations of the electron cyclotron wave (R wave, upper
sign) and L wave (lower sign} are modificd as

kijc? _ wl, .
2 1- b ( )
w w(w F wee)

respectively.

If the condition of wg > w > w. is added and the
collision effect is included for the R wave, k; derived
from eq. (5) becomes approximately the same as eq. (1),
which makes &;, § and k, the same as in egs. (2) and (3).
Note that the nonpropagating w region (wg > w > we,)
is narrow for the case of wee > wp.. When w is closc
to we, (i-e. electron cyclotron resonance condition) from
the higher frequency side (Aw = w —w,, > 0), § becomes
small of (c/wpe)(Aw/we.)?*® for v* =~ 0.

Figure 3 shows the numerical result for the dependence
of enhancement factor f,,., on the normalized collision
frequency v* in the evanescent region of the R wave,
obtained using eq. (7). For low w/w (< 0.5) with
Wpe/w = 10 and 100, f,um (= 1) is nearly independent of
v™ in the low v* region, and f,,., becomes larger for lower
wpe/w (= 1). In the high v* region, for a given wy./w
(regardless of we,/w), foum is nearly the same as f(v*),
which is shown in Fig. 2. For the case that w,./w is close
to 1 (w > we.), where the wave is evanescent but near an
electron cyclotron resonance condition, f,,m is less than
unity ((Aw/we.)"*® has been analytically derived).
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Fig. 4. Relationship between enhancement factor foum of the
skin depth and normalized collision frequency v for various val-
ues of wpe/w and wee/w for left-hand circularly polarized (L)
wave.

For case of R wave propagation with 1) w > w,,
and w 3> wpe, 2) We D> W > W, wrp > w and
wr, > w (whistler wave) and 3) wr, > w and wg > w
(Alfven wave), Lq is infinitc with parallel wave number
ko = w/e, (wpe/c)(w/wee)*® and (wpe/c) [w/(wce""'(:i)o's]’
respectively. Note that these waves have only parallel
wave numbers, and that e.g., the collisional damping
length of Ly is finite for the helicon wave!®, which is
categorized as a whistler wave and has a finite perpen-
dicular wave number.

For the L wave for cases of both 1) w,. > wee > w >
wei and 2) we, > wpe and wy, 3> w > w,, wave number
ky from cq. (5) with a collision can be approximated as
follows, which shows the independence of collisionality.

P

k=g (8)
6 obtained from eq. (8) is different from that in eq. (3)
by a large factor of (we./w)®® (3> 1), and k, becomes 0.
For the case of w,e » w > w.., values of § and k, are
the same as those in egs. (2) and (3) because they have
the same dispersion relation as given in eq. (1).

Figure 4 shows the numerical result for the dependence
of enhancement factor f,,, on the normalized collision
frequency v~ in the evanescent region of L waves, ob-
tained using cq. (7). For high w,./w and low w,./w (for
a given w,./w), faum is nearly the same as f(v*) in Fig. 2,
as has been discussed analytically. For high w,./w and
high we./w, faun is larger than 1, which has been esti-
mated as (we./w)®® from eq. (8). Note that the case of
Wpe/w = 100 and w,./w = 1000 shown in Fig. 4(c) is only
applicable for the case of an ion much heavier than a pro-
ton, otherwise the approximation of w > w,; in deriving
eq. (7) becomes invalid. Needless to say, faum becomes
small, i.e. w&®(w—w)?®/w (regardless of v*), when w is
close to ion cyclotron resonance frequency wg; (w > we;).

In the propagating region (L wave) of wee > w > wy,
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Fig. 5. Relationship between enhancement factor fhum of the
skin depth and normalized collision frequency v* for various val-
ues of wpe/w and wee/w for extraordinary (X) wave. Here, cal-
culation has been done for evanescent regions of wr > w > wyy

(a) and wy, > w > wrn (b).

with we, > w,. and w > w,;, the damping length Ly is a
large value of (2¢/w)(wee/wpe)?/v™ with k, = w/c. This
length becomes infinite (independent of v*) in the regions
of 1) w > w and w > w,, and 2) w, > w and w,; > w
(Alfven wave) for k, = w/c and (wp./c)[w/(wewe )]
respectively.

Finally, we perform calculation for clectromagnetic
waves perpendicular to the magnetic field. The disper-
sion relation of the O wave (the perturbed electric field is
parallel to the magnetic field) is the same as-eq. (1) if we
replace ky for k; (perpendicular wave number). The skin
depth and rcal wave number are again the same as those
in egs. (2) and (3) (for the case of wy,, 3> w and wy, > v,)
(see also Figs. 1 and 2). For the case of wave propagation
with w >> wy,, real wave number (perpendicular compo-
nent) k, and damping length Ly arc also the same as for
the light wave (w > w,,) described above: k, = w/c and
Ly = (2cw /W2 )[(1 4 v72)/v7].

For the X wave (perturbed electric field is perpendicu-
lar to the magnetic field), the dispersion relation without
a collision is

bl

e () - ) )
w? (w? - wiy)(w? — w%m) ’

where the lower and upper hybrid angular frequencies
of wyy and wyn are defined as 1/wi; = 1/(w? + w?) +
l/wewe and wiy, = w2, + wZ,, respectively (wy;i: ion
plasma angular frequency). If w., > w > wiy with
Wpe > Wee, egs. (1) (by replacing ky for k. ), (2) and (3)
are also satisfied if a collision is included, and another
nonpropagating region of wr > w > wyy for the case of
Wpe > Wee 18 narrow. On the other hand, for the case
of wee > w,.e, the nonpropagating region of wg > w >
wyy is narrow. In another region of wy > w > wyy, a
simplified dispersion relation from eq. (9) with a collision
is
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2 w;lﬂf . *w;zw F
Ky == (1 - —=]. (10)

The derived skin depth is expressed as cw,,/w?, (inde-
pendent of v*), which is larger than &, by a factor of
Weo/wpe (3> 1), and the rcal wave number k, is a small
value of (1™ /2¢c)(w;. /w?,). Notec that the above frequency
condition in calculating eq. (10) is satisfied under the
limited condition having suitable valucs of the magnetic
ficld and plasma density with an ion much heavier than
a proton.

Figure 5 shows the numerical result for the depen-

dence of enhancement factor f. (6 = (¢/wye) fuum) o0
the normalized collision frequency v~ in the evancscent
region of X wave, obtained using eq. (9). Ilere, we as-
sunmed w 3> wi . Figures 5(a) and 5(b) show upper and
lower frequency cvancscent regions of wy > w > wun
and wy, > w 3 wyy, respectively. As has been stated,
upper cvanescent region is narrow, so we usc the typi-
cal value of w;,./w for cach w,../w valuc for convenicnce
as shown in Fig. 5(a). In the small v* region, f... be-
comes larger with decrcasc in w,,/w, which is similar to
the light wave behavior for w,./w & 1 (sce Fig. 2). When
Wpe/w is increased (decreased) with fixed Weo/w, which
means w & wyy (W), fuwn becomes smaller (larger) in
the low v* region. f,.. in the high v* region is larger
than that of light waves, and does not change with fixed
We,/w and varied w,./w. On the other hand, in the lower
cvanescent region (Fig. 5(b)) with low w../w (< 1), faum
is nearly the same as f(v*) in Fig. 2, for a given wy,,/w.
For the casc that w approachces a lower hybrid resonance
frequency of wiy (w > wiy) with v* = 0, f,... becomes
a small value of (w? — wf )" wun/ww,,.

In the X wave propagation rcgion of w > w,, and
W 3> We, infinite damping length Ly and &, = w/c arc
obtained. When we, > w,. is satisfied, k, = w/c with
Ly = (2c/w)(wee/wye)?/v™ for the case of w > wiy and
wun 3 w > wy, (propagation rcgion), and this propa-
gating region becomes small when wy,, > w,, is satisficd.
When we consider a low-frequency mode of wyr > w
(propagating region) under a condition of Whe P W, WE
have b, = (wp. /o) |w/(weewe )" °] (Alfven wave) with Ly =
2ew,w” Jww!l Py, and k, = viww? fe{2wl wa[-1 +
(1 +v72)%2}% and Ly = (c/ww? ){2w2w/[~1 + (1 +
v*)%511%% under a condition of w.. 3> w,, and wy, > w.
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Here, we assumed wiy; = wew, for the low-frequency
mode (wr > w).

In conclusion, analytic formulac of the skin depth &
and real wave number k, of clectromagnetic evanescent
waves, with and without magnetic ficld in plasma in
which collisions occur, have been derived from numerical
results. A damping length L, and real wave number &,
have also been evaluated under propagating conditions.
For evancscent waves with Wpe > w and w,. > v in most,
cases, 6 is expressed as 6, = ¢/w,, multiplied by the col-
lision term f(v7), and k, as g(v™)w,./c, as described in
eq. (3). For the L (conditions of wp, > we 3> w > wy,
O Wy, > W, and wy > w > w,) and X (limited
condition of w., > w,. and wy, > w > wyy) waves,
8(= (c/wpe) fuum) is independent of v~ and f,.., is ex-
pressed as (we./w)"® (> 1) and w,,/w,. (3> 1), respee-
tively, while real wave number &, is zero (L wave) and
(v7/2c)(w, /wl.), respectively. When w approaches w
in the low v~ region, f,.., becomes large for light, O, R.
and X waves (w > w.,). On the contrary, if w is ncar
resonance frequencics of we, (R wave), wy (L wave), wup
(X wave) and wry (X wave) in the evancscent region,
Sumn becomes smaller than unity.
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