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Liner current and electric field distributions are analytically solved, and an induced error magnetic field is numerically
calculated near the port section with circular and elliptical shapes using plane geometry. The effect of an elongation ratio
of the port cross section and e-folding length of the magnetic field are also studied.
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§1. Introduction

Recently, Reversed Field Pinch (RFP)" devices have
produced experimental results indicating a favorable in-
crease in plasma parameters with an increase in the
plasma current.>® However, the field errors degrade the
plasma and must be minimized in order to get better
plasma performance.>® The error fields can be generated
by the effects of the liner, shell, current feeder, supports
of a vessel, iron core, toroidal field ripple, inaccurate
positioning of coils, etc.

Here, we calculate the liner current in the port section,
which is inevitably used for diagnostics, analytically, and
discuss it from a viewpoint of the error fields; the liner
current flows with the direction of the applied electric
field and takes a winding path to avoid a port hole, which
makes the error fields.

Section 2 deals with the analytical solution of the com-
plex electrostatic potential near the port with circular and
elliptical shapes. The liner current and electric field
distributions are discussed in §3. Numerical analyses of
the error magnetic field distributions are performed in
§4. Finally, the conclusion is presented in §5.

§2. Analytical Solution of Complex Electrostatic Poten-
tial

For simplicity, we assume a plane geometry of the liner
instead of a cylindrical one, and the circular and elliptical
cross sections of the port are used. Then, the analytic
solution of the complex electrostatic potential, and thus
the electrostatic potential, electric field and liner current
distributions, can be derived from the analogy of the
fluid mechanics with a two-dimensional geometry
without the vorticity and compressibility.

In the presence of a circular cylinder, the solution (out-
side of the circle) of the uniform flow is

f=U@Z+R/2), )

where f=®+i¥ (®: velocity potential, ¥: stream func-
tion) is a complex velocity potential, U is a constant flow
velocity, Z=x+iy is a two-dimensional position and R is
the radius of the cylinder. Here, we can use the Cauchy-
Riemann relation from the harmonic function of
fAD=4¥=0).

The complex velocity potential f, stream flux function
¥, velocity potential @, velocity (=V®) and constant ve-
locity U correspond to the the complex electrostatic
potential, electric flux function, electrostatic potential ¢,
electric field —FE and constant applied electric field —E,
(x direction), respectively, under a steadystate condition;
A¢p=0 on the liner as V-E=0 and E=—V¢ (¢: elec-
trostatic potential). Here, the current density j is express-
ed as E/n (n: resistivity) on the liner as long as no elec-
tromotive force such as v X B and dB/dt is present. The
boundary condition is that the normal components, j,
and also E,=1nj,, are zero on the liner side of the circle
(liner-hole interface), which satisfies eq. (1).

In the hole (vacuum) region (E#0 and j=0),

f=2U02Z, 2)

is derived from 4®=A4%¥ =0 and a continuity condition
of the tangential electric field at the inner and outer side
surfaces of the circle. Note that V¥(¥) falls at right
angles with V&(®) and both ¥ and @& are single-valued
functions on the whole region.

Next, an elliptical cross section of the port is con-
sidered. Utilizing the Joukowski transformation of

Z={+a/(, 3

(a=constant < R) and flow angle « with respect to the
horizontal axis of x, we have the following equation on
the liner.

f=U "+ R/ ). (C))

Inside the hole, the same procedure with the circular
port leads to the following equation.

Z—i(a/R}Z
1—(@/R)*

Here, Z is a complex conjugate of Z. Equations (4) and
(5) reduce to eqs. (1) and (2), respectively, for the case of
a=0 as it is evident from eq. (3). The elongation of the
ellipse, defined as the ratio of major to minor semiaxis
lengths, is k=(R*+a?)/(R*—a>)(=1).

Using eqgs. (1)-(5), the current density profile on the
liner and the electric field on the whole region can be
derived in the presence of the constant electric field E,.
Here, free parameters to determine the solution are a, R,

S=2Ue™ ™ (&)
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«a and U. Note that values of ¥ and E, are not continuous
across the boundary (liner-hole interface), although &
value is continuous.

§3. Liner Current and Electric Field Distributions

First, the circular cross section of the port is con-
sidered by the use of egs. (1) and (2). Figure 1(a) shows
the contours of the flux function ¥, which shows the elec-
tric field and current flowing (on the liner) directions,
when the constant electric field E, (x direction) is ap-
plied. Here, the ¥ value on the circular surface is
different from that on any contour lines in the hole
region except for the x axis. In this calculation, mesh
sizes in both x and y directions are 70 for x|, |yl <3
with a port radius of 1. In Fig. 1(b), the contours of the
potential @ are shown. The electric field E=—V¢
becomes smaller near the circular surface of y=0, and is
constant with 2F, (x direction) in the hole region due to
the presence of the surface electric charge. Figure 1(c)
shows the contours of the normalized current density
Ij/Jjo!, where ji is a constant value at the infinite distance
away from the port. The distortion of the current density
distribution near the port is evident; V¥ at the top and
bottom sides of the port is large, but small near the right
and left sides. The value of |j/j,| has the maximum
value of 2 at the top and bottom tips of the port and zero
at the port surface on the midplane.

Next, the elliptical shape of the port with an elonga-
tion ratio x of 2.7 is considered by the use of egs. (3)-(5).
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Here, this shape is similar to the side port, 19 cm high

and 7 cm wide, in the REPUTE-1 device.”'"!" Figures

2(a), 2(b) and 2(c) show the contours of ¥, @ and |/ j,!,

respectively, with the constant electric field E, (x direc-

tion), which is parallel to'the minor axis of the ellipse. It

also can be found that Ij/j,| has the maximum of

1+x=3.7 at the top and bottom tips of the port. Inside

the hole, the electric field (x direction) is constant of<
(1+k)Ey=3.7E,.

Contrary to the Fig. 2 case, the current disturbance
and the maximum current density are smaller when the
electric field is along the major axis of the ellipse (x direc-
tion), as is shown in Fig. 3; the maximum value of |/l
at the top and bottom sides of the port is 1+ (1/k)
=1.37. (Inside the hole, the electric field (x direction) has
a constant value of {1+(1/x)}E,=1.37E,.) Therefore,
the current distortion is larger when the electric field is ap-
plied along the minor axis of the ellipse than that along
the major axis. In any case, the disturbed region of the
current density extends to an order of one port size in
both the x and y directions (lj/jol is ~1 at the outer
region). Due to this fact, the liner current distribution in
the port section is not affected by the presence of the
neighboring port section in the REPUTE-1, because the
toroidal distance between the port sections is 36 cm,
which is larger than the port size by more than twice.

In Fig. 4, the dependence of the normalized maximum
current density on the liner and electric field in the hole
region on the elongation of the port cross section is

(@) (b)

Contours of flux function ¥ (a), potential @ (b) and normalized current density |j/j,| (c) with a circular shape of the

Fig. 1.

port in the presence of constant electric field (arrow) in x direction.

(a) (b)

Contours of flux function ¥ (a), potential @ (b) and normalized current density |j/j,| (c) with an elliptical shape of the

Fig. 2.

()

port (elongation ratio « is 2.7) in the presence of constant electric field (arrow) in x direction (parallel to minor axis).
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(@)

Fig. 3.

(b)

Contours of flux function ¥ (a), potential @ (b) and normalized current density |/, (c) with an elliptical shape of the

port (elongation ratio « is 2.7) in the presence of constant electric field (arrow) in x direction (parallel to major axis).
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Fig. 4. Dependence of normalized maximum current density | ../ Jo!
and electric field in the hole |E;,/E,| on elongation ratio x of the
port section in the presence of electric field in x direction. Here, |/ .,
ljol = E,,/ Eyl is 1+k (dashed line) and =1+ (1/k) (solid line), re-
spectively, for the case that major axes are perpendicular and parallel
to x axis.

shown with constant electric fields in the x direction.
With the increase in the elongation x, both |jua/jo! and
|Ein/ Eol (Ein: electric field in the hole region) increase rap-
idly as 1+x when E) is parallel to the minor semiaxis,
and decrease slowly as 14 (1/k) when E, is parallel to the
major semiaxis.

§4. Error Magnetic Field Distribution

Using the obtained liner current, the induced error
magnetic fields are computed from the Biot Savart for-
mula. Here, in this calculation, mesh sizes of the
magnetic fields in both x and y directions are 70 for |xI,
Iyl =3, while those of the liner current to calculate the
magnetic fields are 80 for I x|, |yl =5 and 100 for 5< | x|,
|yl =100. The error of this numerical calculation is
within a few percent. Note that the error magnetic field
profiles (length is normalized by the port size) and the
maximum error field are not dependent on the port size,
as can be seen from the Biot.Savart formula.

Figure 5 shows the contours of the magnetic fields on
the z=1 plane with a circular port for the same condition
of Fig. 1. Here, the z axis is taken perpendicular to the
(x, y) plane. The port hole is located on the z=0 plane
with a radius of 1. From this, |B,| has the maximum
near the port edge on y= *x, B, has the maximum on
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Fig. 5. Contours of B, (a), B, (b), B, (c) and | B| (d) on z=1 plane for
the case of a circular port (see Fig. 1).

x=0 and y=3 and the minimum on x=0 and y=0, and
| B;| has the maximum near the port edge on x=0. With
the increase in the z direction, the value of y to have the
maximum B, increases rapidly, whereas the positions to
have the maximum |B,!| and |B,| depart from the port
edge to the outer side slightly.

Figures 6 and 7 show the contours of the magnetic
fields on the z=1 plane with an elliptical port for the
same conditions of Figs. 2 and 3, respectively. The port
hole is located on the z=0 plane with an elongation ratio
of 2.7 (minor and major semiaxis lengths are 0.4 and
1.08, respectively). Similar results with the circular port
are found.

The e-folding length of the magnetic fields in the z
direction is considered. Figure 8 shows the relation be-
tween the magnetic fields and the position Z* in the z
direction with a circular port for the same condition of
Fig. 1. Here, the Z* is normalized with the length of a
port radius, and jp is taken as 1 A/m. The important er-
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Fig. 6. Contours of B, (a), B, (b), B, (c) and | B| (d) on z=1 plane for
the case of an elliptical port (see Fig. 2).
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Fig. 7. Contours of B, (a), B, (b), B. (c) and | B| (d) on z=1 plane for
the case of an elliptical port (see Fig. 3).

ror field considered experimentally is the B, field, which
is equivalent to the radial field for the cylindrical
geometry. Near the port, | B,| has the maximum of about
1072 Gauss and the e-folding length is about 0.3.
Without a port hole, IB,| has a constant value of
By=pojo/ 2 for the flat plane case regardless of the posi-
tion, while, for the cylindrical case without a hole, B,
(poloidal field) is zero within the cylinder when the sur-
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Fig. 8. Relation between magnetic fields and normalized position z*
in z direction with a circular shape of the port (see Fig. 1).
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Fig. 9. Relation between magnetic fields and normalized position z*
in z direction with an elliptical shape of the port (see Fig. 2).

face current flows along the central axis. Therefore,
AB,= B,— By, corresponds to the poloidal field error by
the port hole. Figure 8 shows that AB, has the maximum
near the port (about a half of the maximum |B;| value)
and B, approaches uqjo/2 as Z* increases.

In Fig. 9, the relation between the magnetic fields and
the position Z* in the z direction is shown for the same
condition of Fig. 2 with an elliptical port. Here, the Z* is
also normalized with the length of a major semiaxis, and
Jjo is taken as 1 A/m. The same trend with the circular
port is found; the absolute values of B; near the port and
the e-folding length of B, are larger and smaller by about
20%, respectively, than those with the circular port.
When the current flows along the major axis (x direction)
for an elliptical port, the induced error fields are smaller,
as is shown in Fig. 10 (the same condition of Fig. 3); the
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Fig. 10. Relation between magnetic fields and normalized position Z*
in z direction with an elliptical shape of the port (see Fig. 3).

B, value is reduced to about half of it for the elliptical
port with the current flowing along the minor axis (x
direction), and the e-folding length normalized by the ma-
jor semi axis length of =0.25.

Now we apply the numerical results to the REPUTE-1
device.”'®'V For the case that the plasma current 7,=200
kA and loop voltage V,=150V, j, becomes 17 kA/m as
the toroidal resistance of the liner (minor radius is 22 cm)
is 6.5 mQ. Then, B,, i.e., the radial field B,, is estimated
to be 180 Gauss near the port, which is 10% of the
poloidal field generated by the plasma current. In order
to reduce the error field, an increase in the liner resistance
and a decrease in the plasma resistance are necessary.
Reducing the port size does not decrease the maximum er-
ror field near the port as has been described before,
although the region having the large error field is
reduced.

§5. Conclusion

The liner current and electric field distributions near
the port with the circular and elliptical cross sections are
solved analytically by plane geometry from the analogy
of the fluid mechanics. The value of |j/j,| becomes the
maximum of 1+x and 14 (1/k) near the tips of the ma-
jor and minor semiaxes, respectively, which are perpen-
dicular to the applied electric field, and zero at the tips of
the other semiaxes. Inside the hole, the constant electric
fields normalized by Ej are 1+ and 14 (1/k) when the
major axes are perpendicular and parallel to the x axis, re-
spectively. The disturbance in the current density distribu-
tion extends to about one port size in both x and y direc-
tions.

Using the Biot Savart formula, the induced (error)
magnetic field profiles are derived from the analytic solu-
tion of the liner current distribution. The dominant error
field is the B, component, which has the maximum value
near the point of the maximum current density (port
edge). The e-folding length, taken along the axis (z direc-
tion) perpendicular to the plane, of B, is about 0.25-0.3
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normalized by a characteristic radius of the port.
However, the maximum value does not change with the
port size as long as the current density jj is not changed.
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