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Bispectral analysis and multichannel measurement are becoming attractive investigation tools in
plasma fluctuation studies. In the Large Mirror Device-Upgrade, the measurement of fluctuations in
the ion saturation-current with a 64-channel poloidal Langmuir probe array was performed. The
two-dimensional �2D� �poloidal wave number and frequency� power spectrum showed a number of
pronounced peaks and broadband fluctuations in the poloidal wave number-frequency space. We
applied 2D bispectral analysis, which considers both the matching conditions of poloidal wave
number and frequency, to the spatiotemporal waveform, and confirmed the nonlinear couplings
between coherent-coherent, coherent-broadband, and broadband-broadband fluctuation components.
More than ten peaks were revealed to have as their origins only three original parent modes
generated in the plasma. Comparison between the theoretical estimate and experimental observation
for the bicoherence showed good agreement. © 2010 American Institute of Physics.
�doi:10.1063/1.3429674�

I. INTRODUCTION

Anomalous transport in magnetized plasmas is a signifi-
cant obstacle to achieving thermonuclear fusion. Drift wave
turbulence is an important feature of anomalous transport
that requires further investigation. Nonlinear interactions be-
tween drift waves are believed to determine the saturation or
steady state of turbulence. Recently, theories1 and
simulations2–4 have predicted that the nonlinear couplings
between drift waves should generate mesoscale structures,
such as zonal flows and streamers, which have a strong im-
pact on the anomalous transport. Experimental confirmation
of the fundamental nonlinear processes and dynamics in a
drift wave system is needed to give a concrete basis to these
predictions.

Easily accessible plasma devices are necessary to inves-
tigate the fundamental processes occurring in drift wave tur-
bulence. Experiments have been carried out in a number of
linear cylindrical devices such as CLM,5,6 CSDX,7–9

Hanbit,10 HYPER-I,11 KIWI,12,13 MIRABELLE,14

QT-Upgrade machine,15 VINETA,16,17 and toroidal devices
such as CHS,18 H1-Heliac,19,20 JFT-2M,21 TJ-II,22 TJ-K,23–26

and TORPEX.27 In these low temperature devices, several
multipoint Langmuir probe systems have been developed to
measure wave numbers. Examples include the 64-channel
poloidal probe array12–14,16,17,23,24 and 8�8 channel two-
dimensional �2D� array in TJ-K.25,26 A number of fundamen-
tal processes associated with drift waves and their turbulence
have been elucidated using these innovative Langmuir probe
systems, e.g., the formation processes of drift wave
turbulence,13 mode-selective control of drift wave

turbulence,14 drift wave excitation by ion flow velocity
shear,15 the nature of three-dimensional drift waves,16 the
transition from drift to interchange instabilities,27 and
sheared flow generation by drift wave turbulence via Rey-
nolds stress.6–8,18,22

A number of numerical analysis techniques have been
developed to quantitatively clarify the nonlinear interactions
occurring in turbulence. One such method, bispectral
analysis,28 can quantify the strength of the nonlinear cou-
pling between three waves that satisfy the frequency and
wave number matching conditions. Studies on drift wave tur-
bulence using bispectral analysis have shown many interest-
ing results.5,10,21 Recent development of multichannel diag-
nostics has extended the domain for bispectral analysis from
frequency-only to simultaneous frequency and wave number
measurements.17,25 By assuming three-wave coupling, such
as that described by the Hasegawa–Mima equation, the en-
ergy transfer direction between the waves can only be deter-
mined via bispectral analysis.29,30 Using this method, energy
transfer directions were evaluated in the frequency domain9

and also in wave number domains.25 Another method that is
free of assumptions based on a particular model of three-
wave couplings or quadratic nonlinearity is the amplitude
correlation technique �ACT�. This technique has been pro-
posed to determine the direction of energy transfer.19,20,31

The Large Mirror Device-Upgrade �LMD-U� is a linear
cylindrical device at Kyushu University, which has been con-
structed for investigation on drift wave turbulence.32 A 64-
channel poloidal Langmuir probe array33 has been installed
to take 2D measurements in poloidal wave number and fre-
quency, in order to clarify the structure of nonlinear coupling
in drift wave turbulence. The measurements have provided
several interesting results,34–36 such as the first experimentala�Electronic mail: takuma@k.u-tokyo.ac.jp.
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identification of streamers. In this paper, we present a full
description of the results from the 2D bispectral analysis,
e.g., the existence of nonlinear coupling between peaks and
broadband fluctuations. We also determine the energy trans-
fer direction by applying ACT, demonstrating the power of
diagnostics with wave number decomposition to resolve the
fine structure of nonlinear interactions. New results presented
in this paper are the following: first, a clear demonstration of
the presence of nonlinear couplings between quasicoherent
mode and broadband fluctuations; second, the discovery of a
region where the nonlinear couplings between broadband
fluctuations are remarkable; and third, a comparison between
theoretical estimates and experimental observations of bico-
herence. The use of bicoherence analysis on poloidally de-
composed fluctuations provides a more quantitative under-
standing of nonlinear interaction between drift wave
fluctuations.

II. LARGE MIRROR DEVICE-UPGRADE

The LMD-U �Ref. 32� vacuum vessel has an axial length
of 3.74 m, as shown in Fig. 1. The radial direction, r, is from
the plasma center toward the outside, the poloidal direction,
�, is clockwise when viewed from the plasma source to the
opposite end, and the axial direction, z, is from the source to
the end. A straight magnetic field �0.01–0.15 T� is generated
in the positive axial direction. Therefore, the positive poloi-
dal direction is the electron diamagnetic direction. The
LMD-U plasma is generated by radio-frequency waves
�7 MHz/3 kW� inside a quartz tube with an inner diameter of
95 mm, thus, the plasma radius is about 50 mm. The quartz
tube is filled with argon gas with a pressure of 0.2–0.8 Pa.
For typical discharge conditions �magnetic field of 0.09 T
and argon pressure of 0.27 Pa�, the peak electron density of
the plasma is 8�1018 m−3. The electron temperature is
about 3 eV, and is nearly uniform inside the plasma
�3�0.5 eV�. Figure 2 shows typical 2D and radial profiles

of the ion saturation-current, floating potential, electron den-
sity, electron temperature, plasma potential, and radial elec-
tric field measured with a 2D mobile probe. Note that the
profiles in Fig. 2 are taken under conditions identical to the
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FIG. 1. Schematic view of �a� the LMD-U linear plasma device and
�b� 64-channel poloidal probe array. Axial magnetic field is generated in the
positive z direction. All the probe tips are precisely aligned on a single metal
plate.
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FIG. 2. �Color� 2D and radial profiles of a typical LMD-U plasma. 2D
profiles of �a� ion saturation-current and �b� floating potential are shown in
the domain of 5 mm�x�60 mm and �y�� �60 mm. x and y directions
are introduced in Fig. 1�b�. Radial profiles are given for �c� electron density,
�d� electron temperature, �e� plasma �closed, black�/floating �open, red� po-
tentials, and �f� radial electric field calculated from the plasma �closed,
black�/floating �open, red� potentials. The discharge condition �magnetic
field, argon pressure� is �0.09 T and 0.27 Pa�.
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plasmas analyzed in Secs. III–V, but with better spatial res-
olution. The electron density gradient is steepest around r
=30 mm.

A 64-channel poloidal Langmuir probe array33 is in-
stalled on LMD-U at rp=40 mm and z=1885 mm. Figure
1�b� is a schematic view of the 64-channel poloidal probe
array. All of the probe tips are mounted on a single annular
metal plate with the probe tips aligned precisely enough to
apply 2D spectral and bispectral analyses. Moreover, the
metal plate and probe tips can be moved as a single unit in
the r-� plane, so that the probe center can be aligned to the
plasma center. The alignment is important to avoid the gen-
eration of spurious modes in the 2D spectral analysis
results.33 Ion saturation-current and floating potential can be
measured with this probe array. In this paper, we measured
the fluctuation of the ion saturation-current, which is related
to the fluctuation of the electron density when the electron
temperature is constant.

The resistive drift wave mode is excited in the LMD-U
plasma by the density gradient. The formation processes of
drift wave turbulence were studied on KIWI.7 In the case of
LMD-U, the excited mode changes into drift wave turbu-
lence when the magnetic field is raised above 0.04 T or the
argon pressure is reduced to less than 0.4 Pa.35 The spa-
tiotemporal pattern of the fluctuation is measurable with the
64-channel poloidal probe array. The waveform of nonturbu-
lent plasma without turbulence is a periodical pattern. For
instance, when the discharge conditions �magnetic field and
argon pressure� are �0.02 T and 0.27 Pa�, the waveform
shows an almost sinusoidal wave propagation in the electron
diamagnetic direction with the poloidal mode number m=3.
In contrast, turbulent plasma has a complex waveform which
is aperiodic. Figure 3 shows an example of the spatiotempo-
ral waveform of the normalized ion saturation-current fluc-

tuation, Ĩis / Īis, in a turbulent plasma with the discharge con-
ditions are �0.09 T and 0.27 Pa�. The waveform consists of
many frequency components. We deduce that the dominant
fluctuation component in turbulence such as that shown in
Fig. 3 originates from resistive drift waves for the following

reason. As is reported in Ref. 35, the radial power spectrum
profile of the normalized ion saturation-current fluctuation
was measured using a radially mobile probe. The fluctuations
above 2 kHz have a maximum amplitude around r=30 mm,
where the density gradient is steep. In addition, the peak
frequencies of the fluctuations continuously change as the
magnetic field increases from 0.03 to 0.09 T, while the sinu-
soidal oscillation at B=0.03 T was identified as a resistive
drift wave instability.32 �More precisely, in the case of the
sinusoidal oscillation at B=0.03 T, the density fluctuation
leads the potential fluctuation by 10°–30°, the normalized
density and potential fluctuation levels are approximately the
same, and the observed frequency is close to the linear
frequency.32� Thus, the fluctuation of the peak frequency is
considered to be the evolution of resistive drift instabilities.
These observations support the hypothesis that the fluctua-
tions over 2 kHz originate from resistive drift waves, that
they are the drift wave turbulence. Fluctuation components
of the frequency less than 2 kHz do not have a peak around
r=30 mm and are believed to be unrelated to linear drift
waves.35

III. SPECTRAL ANALYSIS IN LMD-U

The 2D waveform, z�� , t�, of the normalized ion
saturation-current fluctuation was measured with the 64-
channel poloidal probe array with a time resolution of
�t=1 �s. A 2D Fourier transformation was applied to z�� , t�
to calculate the 2D power spectrum, S�m , f�, where m is the
poloidal mode number and f is the frequency �see Appendix
A for the calculation method�. The temporal window of the
Fourier transformation was 10 ms so that the frequency res-
olution was �f =100 Hz. When the discharge conditions
were �0.02 T and 0.27 Pa�, the 2D power spectrum, S�m , f�,
the drift wave mode had a single peak at �m , f�
= �3,4.2 kHz�. Note that the poloidal mode number, m, is set
to be m�0, and positive frequency means that the propaga-
tion occurs in the electron diamagnetic direction. Therefore,
�m , f�= �3,4.2 kHz� indicates that the propagation occurs in
the electron diamagnetic direction in the laboratory frame.

As shown in Fig. 3, the waveform, z�� , t�, shows drift
wave turbulence when the magnetic field is increased to 0.09
T. Figure 4�a� shows a contour of the 2D power spectrum
S�m , f� for this case. It is an ensemble-average of 300 time
windows to refine the statistics. A number of modes can be
seen on the broadband fluctuations in the 2D power spec-
trum. The coordinates of the modes, �m , f�, are �A: 1, 2.8
kHz�, �B: 2, 3.2 kHz�, �C: 1, �0.9 kHz�, �D: 2, 5.6 kHz�, �E:
2, 1.9 kHz�, �F: 1, 4.1 kHz�, �G: 3, 8.4 kHz�, �H: 3, 4.7 kHz�,
�I: 2, 6.9 kHz�, and �J: 3, 9.7 kHz�. Though they are not
visible in Fig. 4�a�, the modes �K: 2, �1.8 kHz�, �L: 1, 0.4
kHz�, �M: 1, 6.5 kHz�, �N: 2, 9.3 kHz�, and �O: 3, 1.0 kHz�
are identifiable in Fig. 4�b�, which shows the same spectrum
with a logarithmic vertical scale. In Sec. IV, the modes al-
most buried in the broadband spectrum will become obvious
by carrying out the bicoherence analysis.

The appearance of more than ten peaks in the m-f plane
may appear to be a complicated phenomenon. However, we
have found that many of the peaks originate from the cou-
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FIG. 3. �Color� Spatiotemporal behavior of normalized ion saturation-

current fluctuation, Ĩis / Īis, measured with the 64-channel poloidal probe ar-
ray. The discharge condition �magnetic field and argon pressure� is �0.09 T
and 0.27 Pa�.
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plings between a small number of parent modes. The original
parent modes must be driven by linear instabilities such as
the drift mode, while quasimodes or child modes are not
driven by linear instabilities, but can be excited by two other
modes via nonlinear couplings.37 We call the child modes
quasimodes, since they are not linear instability modes. The
peaks satisfying the matching condition in the wave number
and frequency are as follows: �D=A+A�, �E=A+C�,
�B=C+F�, �G=A+D�, �H=C+D�, �H=A+E�, �I=A+F�,
�J=A+I�, �K=C+C�, �B=A+L�, �D=C+M�, �N=A+M�,
and �O=C+E�. The modes �D� and �G� are the higher har-
monics of the mode �A�, while the mode �K� is the higher
harmonic of the mode �C�. These higher harmonics are also
quasimodes generated by self-nonlinear couplings. The
broadband fluctuations are also assumed to be generated by
multiple nonlinear couplings between the modes and the
broadband fluctuations themselves. The bandwidth of a
quasimode is broader than its parent modes after the nonlin-
ear coupling process. Analysis of nonlinear coupling is de-
scribed later in this paper.

The above matching conditions allow various expres-
sions. For example, �E=A+C� can be rewritten as
�A=E+C��, �C=A�+E�, and so on, where the mode with the
opposite mode number and frequency is indicated by an as-
terisk. Satisfying the matching condition does not guarantee
the existence of a nonlinear coupling between the modes, but
is a necessary condition. The existence of the nonlinear mode
couplings are confirmed using bicoherence analysis in Sec.
IV. Moreover, a careful investigation of the above-mentioned
combinations of modes suggests that only three irreducible
modes �or three parent modes� are needed to excite all the
observed modes through nonlinear couplings. Two combina-
tions of the three original parent modes are plausible, �A, B,
and C� and �A, C, and F�, since these four modes are rela-
tively coherent and strong.

The linear dispersion of the drift waves can be predicted
with a numerical simulation code4 to determine the parent
modes. The lines in Fig. 4�c� show the dispersion relations
superimposed on the 2D power spectrum, S�m , f�, which is

the same as in Fig. 4�a�. The dashed line shows the case with
no poloidal rotation �the eigenfrequency at the plasma rotat-
ing frame�, while the solid line shows the case with a poloi-
dal velocity of 300 m/s in the ion diamagnetic direction,
which gives a Doppler shifted frequency of k�v� /2	
=−1.2 kHz at the m=1 mode. The error bars on the solid
line are the standard deviations of several results using pos-
sible electron density profiles determined from the radially
mobile probe measurement. With this rotation assumed,
mode �A� is located exactly on the dispersion relation in the
laboratory frame. Moreover, it is found that mode �B� also
happens to be on the dispersion relation. If this rotation is
dominated by the E�B-drift, the corresponding electric field
is 27 V/m. Note that from Fig. 2�f�, the measured radial
electric field is approximately –200 V/m, however, an experi-
ment in a linear cylindrical device has reported that a clear
difference between the E�B drift and real rotation velocity
due to the ion force caused by charge exchange with the
background neutrals.11

Finally, in order to show the accuracy of 2D spectral
analysis using multichannel probes, one-dimensional �1D�
power spectra S�f� and S�m� are calculated, as shown in Fig.
5, by integrating the 2D power spectrum S�m , f� in terms of
mode number, m, or frequency, f . We have confirmed that
the 1D power spectrum S�f� is essentially the same as the
result from a single probe measurement. Many peaks which
can be seen in S�m , f� become obscure in the 1D spectra,
S�f� and S�m�. This fact clearly demonstrates an advantage
of multichannel probe systems. In other words, the modes
that are not discernible in 1D power spectrum are unambigu-
ously resolved by decomposing the 1D spectrum into mode
number and frequency. Finally, it should be mentioned that
both S�f� and S�m� have the same decay laws, S�f�
 f−7.0 and
S�m�
m−7.0. For reference, it has been reported that the de-
cay indices of the power in CSDX �Ref. 7� and KIWI �Ref.
12� are S
k−5.4 and k−7.2, respectively. The characteristics of
the power spectrum in LMD-U should be close to that of
KIWI.
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FIG. 4. �Color� �a� Contour plot �Hz−1� of 2D power spectrum of normalized ion saturation-current fluctuation in LMD-U. The discharge condition �magnetic
field and argon pressure� is �0.09 T and 0.27 Pa�. Positive f indicates propagation in the electron diamagnetic direction. The frequency resolution is 100 Hz.
A number of peaks that together satisfy the matching conditions are observed. �b� The same data as �a�, but plotted with a logarithmic vertical scale. �c� The
same graph as �a�. Dashed and solid lines are the linear dispersion relation calculated by numerical simulation. The dashed line assumes no dc radial electric
field, and the solid line assumes a specified dc radial electric field, the value of which is set by adjusting mode �a� to the m=1 eigenfrequency.
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IV. BISPECTRAL ANALYSIS IN LMD-U

The next task is to confirm the existence of nonlinear
couplings postulated in Sec. III by using 2D bispectral analy-
sis. 1D bispectral analysis in frequency space has been per-
formed in many cases.5,10,21 The 2D bispectral analysis
should be more effective since it can evaluate the coupling
strength between three genuine modes by removing the
mode degeneracy at a frequency in mode number space.
However, there are few cases of multidimensional bispectral

analyses17,25 owing to the difficulty of acquiring precise mul-
tipoint measurements of the wave number.

The 2D Fourier spectrum, Z�m , f�, of the normalized ion
saturation-current fluctuation was calculated for the three
genuine modes satisfying the matching condition both in po-
loidal mode number and frequency; �m1 , f1�, �m2 , f2�, and
�m3 , f3� with m1+m2=m3, f1+ f2= f3 �see Appendix A for the
calculation method�. Figure 6 shows three examples of the
bicoherence analyses applied to Z�m , f�. In Fig. 6�a�, both m1

and m2 are fixed to 1 �therefore, m3=2�. The horizontal and
vertical axes are f1 and f2, respectively, which are in the
range of −20 kHz� f1,2�20 kHz �therefore, −40 kHz
� f3�40 kHz�. The squared bicoherence, b2, with the mode
number matching condition of �m1 ,m2 ,m3�= �1,1 ,2� is plot-
ted for an ensemble of 300 time windows �each time window
is 10 ms long�, so that the confidence level is 0.003�=1 /300�.
Figure 6�b� is a magnified plot of Fig. 6�a� showing the range
of −10 kHz� f1,2�10 kHz. The self-nonlinear coupling
�D=A+A� shown by the circle labeled 1 at f1= f2

=2.8 kHz, is confirmed because the bicoherence value
�b2=0.04� is above the confidence level. The other circles
with numbers in the figure show the existence of the nonlin-
ear mode couplings expected in Sec. III. The confirmed non-
linear couplings are �2:E=A+C�, �3:B=C+F�,
�4: I=A+F�, �5:K=C+C�, �6:B=A+L�, �7:D=C+M�, and
�8:N=A+M�. Figures 6�c� and 6�d� show the squared bico-
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herence, b2, to clarify the mode couplings among the waves
with m=1, 2, and 3, or �m1 ,m2 ,m3�= �1,2 ,3�. The confirmed
nonlinear couplings are �9:G=A+D�, �10:H=C+D�,
�11:H=A+E�, �12:J=A+I�, �13:O=C+E�, �14:O=A+K�,
�15:G=C+N�, �16:G=M+E�, and �17:H=M+K�. Thus,
these nonlinear couplings were confirmed according to ex-
pectations.

In addition, Figs. 6�a�–6�d� clearly demonstrate the cou-
pling between the modes and broadband components. For
instance, the vertical line evident at f1=2.8 kHz in Fig. 6�c�
indicates the presence of coupling between mode �A�, broad-
band fluctuation components �m2=2, in the frequency range
of −8 kHz� f2�10 kHz�, and other broadband components
�m3=3, −5.2 kHz� f3�12.8 kHz�. This indicates the pres-
ence of energy transfer between the mode and broadband
fluctuations. Figures 6�e� and 6�f�, which are the squared
bicoherence, b2, with �m1 ,m2 ,m3�= �5,5 ,10�, show the cou-
pling among the broadband components. This indicates the
presence of energy exchange among broadband fluctuations.

Figure 7 is a matrix whose elements correspond to the
bicoherence map between frequencies with a fixed combina-
tion of mode numbers. The columns and rows indicate the
mode numbers �m1 and m2� from m=1 to m=10 and the map
that occupies each position satisfies the matching condition,
m1+m2=m3. In each bicoherence map, the horizontal and
vertical axes are f1 and f2, respectively, with frequency
ranges −10 kHz� f1,2�10 kHz and −20 kHz� f3

�20 kHz. The element at the left-bottom corner of the ma-
trix is the same as Fig. 6�b�, while the element directly above
that is the same as Fig. 6�d�. There are several features ob-
servable in Fig. 7. For low poloidal mode numbers �1�m
�3�, the nonlinear couplings among fluctuation modes are
clearly discernible. On the other hand, for high poloidal
mode numbers �m�4�, the nonlinear couplings among

broadband fluctuations are the most obvious feature, show-
ing that the energy exchange among broadband components
is dominant in a wide high-m region.

As for the left-side column �or the bottom row, i.e.,
m=1�, the strongest couplings occur with modes �A� and �C�,
as shown in Figs. 6�a�–6�d�. The modes are strongly coupled
not only with the peaks but also with the broadband fluctua-
tion components. To examine the couplings with the modes
�A� and �C� in detail, Fig. 8 shows another expression of the
bicoherence. In Fig. 8�a�, the poloidal mode number, m1, and
frequency, f1, are fixed to those of mode �A�, that is,
�m1 , f1�= �1,2.8 kHz�. The horizontal axis, m, and vertical
axis, f , correspond to m2 and f2, respectively. The contour
shows the squared bicoherence of each wave �m , f� with �A�
��m3 , f3�= �m+1, f +2.8 kHz��. Figure 8�a� indicates that the
strongest nonlinear coupling is with mode �C�, �2:E=A
+C�. Similarly, Fig. 8�b� where �m1 , f1�= �1,−0.9 kHz�
shows the couplings with mode �C�. The strongest nonlinear
couplings are �2:E=A+C� and �5:K=C+C�.

The separation of components with different poloidal
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mode numbers has allowed us to identify several paths of
nonlinear interaction among broadband components. First,
the principal mode �A� nonlinearly couples with the m2=1
broadband component �f2�. This process dominantly occurs
when f2�0 �in the direction of ion diamagnetic drift�. Sec-
ond, when m1=1 but m2 is larger than 1, the frequency range
of the broadband components covers all values in this fre-
quency domain. Third, when both m1 and m2 are greater than
3, the coupling between three broadband components be-
comes dominant. Once some portion of the broadband fluc-
tuations emerges, the coupling between this component and a
low-index mode �m=1 or 2 or 3� induces another broadband
component at different mode numbers. Coupling between
one broadband component �m1� and another �m2� induces a
third �m1+m2�. Thus, turbulent energy can be distributed
widely among broadband components.

It is important to compare the observed value of b2�p ,��
with theoretical predictions. The theoretical estimate of bico-
herence is given in Ref. 38, and details of the method of
comparison are discussed in Appendix B. The interaction
between the modes �A, C, and E�, which is observed as a
peak in the squared bicoherence in Fig. 8�b� is compared
with the theoretical estimate of 0.45. The experimentally de-
termined peak value is about 0.54 as shown in Fig. 8�b�,
which is close to theoretically expected value. While noting
the fact that the theoretical value is a crude estimate, employ-
ing the assumption that the E�B nonlinearity in vorticity
equation is dominant nonlinear mechanism, it is encouraging
that it is the same order of magnitude as the experimental
observation. This similarity leads to two conclusions. First, it
suggests that the convective nonlinearity of the E�B motion
in the vorticity equation �which is kept in, e.g., Ref. 38�
plays a dominant role in the nonlinear interactions of the
plasma turbulence observed in the LMD-U device. Second, it
provides a support for the analysis in Ref. 39, which evalu-
ated the energy transfer from drift waves to zonal flows by
assuming that the nonlinear interaction is given by the E
�B nonlinearity. This result is the same as the case of drift
wave interaction in the edge turbulence of tokamaks.40 Not-
ing that the poloidal mode numbers could not be discrimi-
nated in Ref. 40, we stress that our use of bicoherence analy-
sis on poloidally decomposed fluctuations provides a more
quantitative conclusion for the nature of the nonlinear inter-
action of drift wave fluctuations.

V. DIRECTION OF ENERGY TRANSFER

Bicoherence analysis can only confirm the existence of
mode coupling between three waves, but cannot determine
the causal relationship between the modes or which mode is
the quasimode generated by the other two modes. Modes �A�
and �C� are stronger and more stationary in time than the
other modes, which appear intermittently with short life-
times. Moreover, modes �A� and �C� have long correlation
lengths and are produced globally in the poloidal direction.35

Therefore, it is natural to conclude that modes �A� and �C�
are the original parent modes. On the other hand, both modes
�B� and �F� may be the third parent mode, although the linear

dispersion relation calculated by numerical simulation sug-
gests that the original parent mode is mode �B�.

In order to verify the hypothesis that mode �B� is the
original parent mode, the energy transfer direction must be
evaluated. Several methods have been proposed to determine
the energy transfer direction, such as bispectral analysis as-
suming a Hasegawa–Mima type three-wave coupling
equation.9,25,29,30 Here we choose the ACT19,20,31 to estimate
the energy transfer direction. This method simply deduces
the causality or energy transfer direction from the temporal
relation between the modes, based on the fact that the parent
mode should vary earlier than the child mode in time.
Bispectral analysis can directly estimate the coupling coeffi-
cient and energy transfer direction between three waves if a
simple quadratic nonlinearity is assumed. However, in our
analysis using ACT, the poloidal mode-decomposition with
the 64-channel probe array provides very noiseless data,
which makes it possible to better evaluate the causality be-
tween the modes of concern.

ACT was applied to investigate the time delay between
the power spectrum variations of modes �B� and �F� �see
Appendix C for the calculation method�, although ACT does
not determine the mechanism of energy transfer. Figure 9
shows the cross-correlation function, CBF��, between the
time evolutions of the amplitudes of modes �B� and �F� �� of
the window function is 1 ms, and  in Eq. �C2� of Appendix
C moves every 0.1 ms�. According to Appendix C, the posi-
tion  of the peak of CBF�� indicates the response time of
mode �F� to the variation of mode �B�. The peak of CBF�� is
seen at =1.2 ms, which indicates that mode �F� responds
1.2 ms after a variation of mode �B�. Even when different
values of � were provided, it was found that mode �F� re-
sponds 1–2 ms after mode �B� varies. From this fact, mode
�B� is deduced to be the parent mode. To express the energy
transfer direction precisely, the nonlinear coupling process
can be rewritten as �B−C⇒F� or �B+C�⇒F�.

Based on the above analysis, the three original parent
modes are �A, B, and C�. All the other waves �D–O� are
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FIG. 9. Cross-correlation function, CBF��, between time evolutions of wave
amplitudes.  of the peak indicates time delay of mode �f� from mode �b�.
Data is an ensemble-average of eight discharges and indicates that mode �f�
varies after mode �b� does.
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quasimodes, which are successively generated by nonlinear
mode couplings from modes �A�, �B�, and �C�. Figure 10 is a
summarized chart of the provided results. The schematic
shows the successive generation of the quasimodes from the
original parent modes. The numbers in the figure are the
same as those used in Fig. 6. The arrows with numbers �16:
M, E→G� and �17: M, K→H� are omitted from the figure to
avoid confusion. The arrows go from the parent modes to the
child modes. Modes �D, E, F, K, and L� are the quasimodes
of the first generation, modes �G, H, I, M, and O� are those of
the second generation, and modes �J, N� are those of the third
generation. It can be seen that there are more than three paths
to create �H� from the parent modes �A� and �C�; one from
�D�, another from �E�, and yet another from �M� and �K�. By
the same argument, �G�, �N�, and �O� are also produced from
multiple coupling paths. Considering this fact, the direction
of the arrows becomes ambiguous as the quasimodes become
further and further generationally removed from the parent
modes. The results reveal that cascading processes toward
high-m and high-f develop via nonlinear couplings and add
to the drift wave turbulence. In other words, a few number of
parent modes excite successive quasimodes and broadband
fluctuations, which do not satisfy the linear dispersion rela-
tion of the drift wave in m-f space.

VI. SUMMARY

The 2D �poloidal mode number m and frequency f�
power spectrum of the fluctuations in the normalized ion
saturation-current was measured using a 64-channel poloidal
Langmuir probe array in LMD-U. 2D bispectral analysis,
which considers both the matching conditions of m and f was
applied to the ion saturation-current fluctuation and con-
firmed the existence of nonlinear coupling between the peaks
and broadband fluctuations. Nonlinear coupling between the

broadband fluctuations were confirmed in the high-m and
high-f region. A number of pronounced peaks were revealed
to have three irreducible original parent modes. Employing
the drift wave linear dispersion relation calculated with a
numerical simulation and the ACT, which roughly estimates
the energy transfer direction, the three original parent modes
were found to be �m , f�= �1, 2.8 kHz�, �2, 3.2 kHz�, and
�1, �0.9 kHz�. Other peaks and broadband fluctuations were
quasimodes, which were generated by nonlinear mode cou-
pling of the three original parent modes. A comparison be-
tween a theoretical estimate and the experimentally observed
bicoherence indicated that the convective nonlinearity of E
�B motion plays a dominant role in the nonlinear interac-
tions of the plasma turbulence observed in the LMD-U de-
vice. This use of bicoherence analysis on poloidally decom-
posed fluctuations provides a more quantitative
understanding of the nonlinear interaction of drift wave fluc-
tuations in LMD-U.
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APPENDIX A: 2D SPECTRAL AND BISPECTRAL
ANALYSES

In this section, we provide explanations of the 2D spec-
tral and bispectral analyses applied to multichannel poloidal
probe array measurements. When there are M probe tips
along the poloidal direction ��� with equal spacing, the po-
loidal mode number, m, of the fluctuation wave �m is an
integer; �m��M /2� is measurable. Here, the poloidal angle,
�, equals 2	i /M, where i is an integer. When the time evo-
lution is obtained for N points with time resolution �t, the
time is an integer multiple of the time resolution, t= j�t.
From the spatiotemporal discrete waveform data, zij, 2D
Fourier-transformed discrete data, Zmk, are calculated as

Zmk =
1

MN
�
i=0

M−1

�
j=0

N−1

zij exp�2	I	 im

M
−

jk

N

� , �A1�

where I is the imaginary unit �I2=−1� and k is an integer
��k��N /2�. The frequency, f , takes values k�f , where �f
=1 / �N�t� is the frequency resolution. The power spectrum,
Smk, is calculated from Zmk by Smk= �Zmk�2 /�f . The poloidal
mode number, m, is related to the poloidal wave number, k�,
by m=rpk�, where rp is the radius of the probe array. Thus,
the 2D waveform, z�� , t�, is transformed to Z�m , f� by 2D
Fourier transformation. Since Z�−m ,−f�=Z��m , f�,
S�−m ,−f�=S�m , f�. It means, the fluctuations �m , f� and
�−m ,−f� are physically identical. Therefore, we need to keep
only m�0 �or f �0�. In this paper, m�0 has been chosen,
so that 0�m�M /2 and −�2�t�−1� f � �2�t�−1.

Bispectral analysis28 examines the relationship between
three fluctuation waves that satisfy the matching conditions
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for both the wave number and frequency. When the wave
numbers and frequencies of the three waves are �k1 ,�1�,
�k2 ,�2�, and �k3 ,�3�, respectively, the matching conditions
are �k1+k2=k3� and ��1+�2=�3�. With a poloidal probe
array, the poloidal mode number, m=rpk�, of the fluctuation
wave is measurable, as well as the frequency, f =� /2	. In
this paper, we define 2D bispectral analysis as bispectral
analysis which takes into consideration the matching condi-
tions of the poloidal mode number, m1+m2=m3, and fre-
quency, f1+ f2= f3. When the 2D Fourier transformed expres-
sion, Z�m , f�, of the three waves are Z1=Z�m1 , f1�, Z2

=Z�m2 , f2�, and Z3=Z�m3 , f3�, the bispectrum, B, of the three
waves is expressed as B= �Z1Z2Z3

�. When the three waves
fluctuate independently, the absolute value, �B�, becomes 0.
When the phases of the three waves are connected by a cer-
tain relationship, �B� becomes finite. The bicoherence, b,
which is a normalized value of B, and the biphase, �b, which
shows the relationship among the phases of the three waves,
are expressed as

b2 =
�B�2

��Z1Z2�2��Z3�2
, �A2�

�b = tan−1Im�B�
Re�B�

, �A3�

respectively. Bicoherence analysis is important for investi-
gating the coupling between three waves. When the bicoher-
ence, b, is finite for three waves, it suggests that one wave is
produced by nonlinear mode coupling of the other two
waves.

APPENDIX B: COMPARISON WITH THEORETICAL
ESTIMATE

The comparison of the bispectrum with the theoretical
prediction of Ref. 38 was not trivial. The case was studied
where the nonlinear dynamical equation is written in a form

�

�t
g + �− � + iL0�g = � Ngg , �B1�

where g stands for a dynamical variable of interest �such as
the normalized density perturbation�, � is a linear growth
rate, L0 represents the linear frequency, and N denotes the
coefficient of the nonlinear interaction. �In general, N may
include operators.� Fourier components are introduced as
g�t�=�pgp exp�−ipt�.

In order to calculate the bispectrum for the component
g�, the nonlinear term Np,�gp-�g� is extracted from the total
of all nonlinear terms, �Ngg.41,42 The nonlinear response of
the component gp against the imposition of a test mode g� is
expressed as gp�pNp,�gp-�g�+ g̃p, where p is the nonlinear
interaction time, and g̃p represents the excitation through in-
teraction with other modes and is statistically independent
from gp−�g�. The bicoherence indicator is expressed in terms
of the second-order correlation functions and the nonlinear
coupling coefficient, N, as38

B�p,�� = pNp,�
� ��gp-��2�g��2 + p-�Np-�,p��gp�2�g��2

+ �N�,p��gp-��2�gp�2 . �B2�

We consider the case of interaction among sharp peaks, e.g.,
the combination of �A, C, and E�. We take �, p, and p-�, for
modes �E�, �A�, and �C�, respectively, and find that the third
term in Eq. �B2� dominates over the first and second terms
because mode �E� has the smallest amplitude of �A, C, and
E�. The squared bicoherence is evaluated by following
Ref. 38 as

b2�p,�� � ��NE,A�2
��gC�2
��gE�2

��gp�2 , �B3�

where � is the autocorrelation time of mode �E�, NE,A is the
nonlinear interaction between modes �E� and �A�,
��gC�2 / ��gE�2 is the ratio of fluctuation intensities of modes
�C� and �E�, and ��gp�2 is the power spectrum near the peak
of mode �A�. Note that the frequency variable p corresponds
to the vertical axis f in Fig. 8�b� and we are considering the
peak “�A�” in Fig. 8�b�.

The interaction of drift waves through the convective
nonlinearity of the E�B motion, i.e., VE�B�VE�B term, has
been studied in Ref. 38. The coupling coefficient of this
mechanism was evaluated as �N���cs /2�s�k�

4 �s
4�1+k�

2 �s
2�−1

for drift wave fluctuations. If the nonlinear coupling between
�A�, �C�, and �E� is dominated by the Lagrange nonlinearity
of the E�B motion, then the squared bicoherence is given
by

b2�p,�� � � �cs

2�s

k�
4 �s

4

1 + k�
2 �s

2�2 ��gC�2
��gE�2

��gp�2 . �B4�

We compare the theoretical prediction of Eq. �B4� with
the observed value of b2�p ,��. This comparison provides a
test for whether the nonlinearity of interest is dominant in the
observed turbulence. The experimentally observed value of
b2�p ,�� is compared with this theoretical estimate. Param-
eters are acquired from the experiment as follows: � is
given by the full width at half maximum of the spectrum
peak of mode �E� as ��4�10−3 s, cs /�s�4.4�104 Hz,
k��35 m−1, k��s�0.4, and ��gC�2 / ��gE�2�12. Substitut-
ing these numbers into Eq. �B4� provides a theoretical esti-
mate of b2�p ,���45��gp�2. When measuring the bicoher-
ence, the frequency window is taken to be 100 Hz, i.e., the
discrete power spectrum ��gp�2 is given by integrating
S�m , f� over a window of width 100 Hz. That is, the peak of
the normalized fluctuation of the ion saturation-current of
mode �A� is ��gp�2�0.01 in the experiment. Substituting
these numbers, the squared bicoherence for the coupling be-
tween modes �A�, �C�, and �E� is theoretically estimated to
have a peak value of 0.45. The experimentally observed peak
value is about 0.54, as shown in Fig. 8�b�. The observation is
close to the theoretical expectation.

While noting the fact that the theoretical estimate, Eq.
�B4�, is quite crude using the assumption that the E�B non-
linearity is the dominant nonlinear mechanism, it neverthe-
less gives a result that is the same order of magnitude as the
experimental observation. This similarity leads to two con-
clusions. First, it suggests that the E�B nonlinearity plays a
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dominant role in the nonlinear interactions of the plasma
turbulence observed in the LMD-U device. �More rigorously
put, the working hypothesis that the E�B nonlinearity has a
dominant role is not rejected by this comparison.� Second,
this comparison lends support to the analysis in Ref. 39,
where the energy transfer to the zonal flow from drift waves
was evaluated by assuming that the nonlinear interaction
fully described by the E�B nonlinearity.

This result is the same as the case of drift wave interac-
tions in the edge turbulence of tokamaks.40 Noting the fact
that the poloidal mode numbers could not be discriminated in
Ref. 40, we stress that our use of bicoherence analysis on
poloidally decomposed fluctuations provides more a quanti-
tative conclusion for the nature of the nonlinear interaction
of plasma turbulence.

APPENDIX C: AMPLITUDE CORRELATION
TECHNIQUE

The ACT is carried out by comparing the time evolutions
of the powers of two waves. SX�t�=S�mX, fX, t� is the time
evolution of the amplitude of a certain wave �X�, calculated
by the Gabor transformation. The Gabor transformation is a
short-time Fourier transformation which uses a Gaussian
type of window function, w�t�=exp�−t2 /�2�. When the spa-
tiotemporal waveform, z�� , t�, is mode-decomposed to
Z�m , t� by 1D Fourier transformation, the time evolution of
the wave amplitude, S�m , f , t�, is calculated by

S�m, f ,t� = �� Z�m,t��w�t� − t�e−2	Ift�dt��2

. �C1�

The parameter � of the window function determines the time
width used to calculate S�m , f , t�. When � is large, the time
width is large and the frequency resolution is sharp.

The cross-correlation function between SX�t� and SY�t� is
evaluated as

CXY�� =
��SX�t� − S̄X��SY�t + � − S̄Y�
���SX�t� − S̄X�2��SY�t� − S̄Y�2

, �C2�

where S̄X,Y are long time averages of SX,Y�t�, respectively.
When the amplitude of the two waves varies similarly in
time, a peak in the cross-correlation function appears near
=0, and the position  of the peak indicates the time re-
sponse of SY�t� to SX�t�.
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